I. INTRODUCTION
Metamaterials are engineered structures that are rationally designed to exhibit unusual physical properties. They are often called after the type of the physical property they target, for example, optical metamaterials [1, 2] , acoustic metamaterials [3, 4] , or mechanical metamaterials [5] [6] [7] [8] . Mechanical metamaterials, in particular, aim at achieving unusual mechanical properties not readily found in nature such as negative Poisson's ratio [9] [10] [11] [12] , negative compressibility [13, 14] , ultrahigh stiffness [15] , or negative elasticity [16, 17] . The small-scale geometry of mechanical metamaterials determines the properties they exhibit at larger scales. Geometry-property relationships are, therefore, of utmost interest in the process of rationally designing mechanical metamaterials.
Geometries that are based upon beam-like elements (sometimes called struts) have been often used for development of mechanical metamaterials. In this * r.hedayati@tudelft.nl; rezahedayati@gmail.com approach, a number of struts are used to create a spacefilling unit cell that is then repeated in different directions to create the microarchitecture of the metamaterial. One advantage of the geometries based on beam-like elements is that beam theories such as Euler-Bernoulli or Timoshenko can be used to derive analytical geometry-property relationships [18] [19] [20] .
A natural extension of the geometries based on beams with constant cross sections is to allow for beams with variable cross sections. Milton and Cherkaev have shown in their seminal paper [21] that lattices based on beams with variable cross sections could be the basis for creating pentamode metamaterials. Pentamode metamaterials are a special class of extremal materials that exhibit unusually high resistance against deformations in certain directions (associated with the extremely large eigenvalues of the elasticity tensor), while being extremely compliant in some other directions (associated with the near-zero eigenvalues of the elasticity tensor). In the case of pentamode metamaterials, the extremely large and near-zero eigenvalues of the elasticity tensor translate to a very large 2331-7019/19/11(3)/034057 (20) 034057-1 © 2019 American Physical Society bulk modulus and negligible shear modulus. That is why pentamode metamaterials are sometimes called metafluids [22, 23] . More importantly, Milton and Cherkaev have shown that pentamode metamaterials can be used as a platform for realizing metamaterials with any thermodynamically admissible elasticity tensor [21] . Pentamode metamaterials were not manufactured until 2012 [24] when the availability of advanced additive manufacturing [threedimensional (3D) printing] techniques allowed for their realization. Continued improvement of additive manufacturing techniques that allow for fabrication of metamaterials with arbitrarily complex geometries on one hand and the potential of pentamode-like metamaterials as a general platform for the design of mechanical metamaterials with any given elasticity tensor on the other hand highlight the importance of deriving analytical geometry-property relationships for lattices based on beams with variable cross sections.
An important barrier to deriving such relationships is that theories comparable with Euler-Bernoulli and Timoshenko do not exist for beams with variable cross sections. In this study, we take an analytical approach to derive an exact beam theory for certain classes of beams with variable cross sections. The considered types of variable cross sections include not only the type used in pentamode metamaterials (i.e., convex double cone) but also three other types (i.e., concave double cone, concave hyperbolic, and convex hyperbolic). In the next step, we use the presented beam theory to derive semi-analytical relationships for the mechanical properties of lattices based on the diamond and cubic unit cells. The geometry proposed by Milton and Cherkaev [21] for pentamode metamaterials (i.e., diamond-type lattices made from convex double-cone beams) are, thus, a special case of the lattices for which we provide semi-analytical relationships. We then compare the mechanical properties predicted by our semi-analytical relationships with the computational results obtained using finite element (FE) models. Finally, we use an additive manufacturing (3D printing) technique to fabricate specimens with the same type of lattice structures and two types of variable cross sections (convex double cone and concave double cone) as used in derivation of the semi-analytical relationships. The predictions of the semi-analytical relationships are then compared with the compressive mechanical properties observed for the additively manufactured specimens.
II. MATERIALS AND METHODS
A. Analytical and semi-analytical solutions
The geometrical relationships
In order to objectively compare the responses of the five different types of beams, they must have something in common. Since adjusting the elastic properties of mechanical metamaterials given their available mass is important 
Left part
Right part
in a large number of applications, we compare the response of the different types of beams while fixing their total mass. In all geometries, the ratio of the small radius to the beam length is denoted by β (i.e., β = r/l), while the ratio of the large radius to the small radius is denoted by α, that is, α = R/r. 
In hyperbolic geometries, however, it is not possible to obtain a closed-form equation for β (which subsequently gives the smaller radius, r). The value of β must, therefore, be found using numerical methods such as NewtonRaphson. To do this, first a r 0 is guessed and the mass of the beam is calculated using
where
where M is the given mass of the strut), a second guess is used for the smaller radius, r
where f is a function defined as f (r i ) = M i − M with
where according to  Table I ) and
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until a sufficiently accurate value is reached. For each α, a Newton-Raphson loop is used to find r , and thus, R = αr.
Beams with variable cross sections
In the Timoshenko beam theory, the displacements of the different points of the beam in the x, y, and z directions are as follows:
where (x, y, z) represents the coordinates of a point in the beam ( Fig. 1) , ϕ is the angle of the rotation of the normal to the midsurface of the beam, u 0 is the displacement of the midsurface in the x direction, and w is the displacement of the midsurface in the z direction. The components of the strain tensor for a beam with linear strains are
The corresponding stresses of the beam are, thus, given as
where E s and G s are the elastic and shear moduli of the material and κ is the Timoshenko's shear coefficient. We use the Ritz method to derive the governing equations of equilibrium from the total potential energy function of the beam. The total potential energy ( ) includes the strain energy (U) and the potential of external forces (W).
The strain energy of the sandwich beam that consists of energetically conjugate pairs of stress and strain is given by (10) and then integrating over the strain terms. The resulting relationship is as follows:
The potential energy of external work is equal to
where P x , F z , and M xy are the external axial and lateral concentrated loads and the concentrated bending moments applied to the beam at point x = x k , respectively. In
is the Dirac delta function at the location of the concentrated loads. The three variables w, ϕ, and u 0 , could be written as the following summations
are, respectively, the lateral displacement, rotational, and axial shape functions that should satisfy the boundary conditions of the beam. Since the beams are cantilever, a good approximation for all the shape functions is
By substituting the shape functions into Eq. (13) and the obtained relationships into Eqs. (11) and (12), the total potential energy can be calculated as a function of the unknown displacement coefficients W i , i , and U i as
In this study, only three concentrated loads P x = P, F z = F, and M xy = M at x = l are considered. Finally, by inserting Eq. (9) into the generalized Lagrange equations, the governing equations of the problem are obtained as
Therefore,
By multiplying both sides of Eq. (17) by the inverse of the stiffness matrix, the coefficients W i , i , and U i for i = 1, . . . , N are calculated. Having obtained the coefficients, the lateral displacement, rotation, and axial displacement of the free end of the beam are given as
A MATLAB (Mathworks, USA) code is written to determine the end displacements and rotations for beams with variable cross sections. All the beams (in both the ana- For the special case of double-cone struts under an axial load, it is also possible to obtain closed-form equations. For a truncated cone with the length l/2, smaller diameter r, and larger diameter R, the axial expansion/contraction under axial force P can be found as:
Elastic modulus of metamaterials and lattice structures
Obtaining closed-form solutions for beams with variable cross sections is not possible. In this study, we first obtain analytical results for struts with different geometries and with the specifications described in the last paragraph. Cubic curves are then fitted to the displacements vs α diagrams of the ends of cantilever beams with different geometries under different loading conditions. All the fitted curves have the following form
where C depends on the loading condition and p 1 − p N depends on both the loading condition and strut geometry. In this study, N = 4 terms are used for 034057- 5 TABLE II . Constants of the lateral and axial displacement of the struts with different geometries under different loading conditions. For our case study, the following parameters are used: 2.4735 × 10
1.551 × 10
Hyperbolic concave (Axial force, P)
3.031 × 10 Hyperbolic convex (Axial force, P)
2.8809 × 10
fitting and the obtained constants for different geometries and loading conditions are listed in Table I (for steel). The coefficient (E s,0 /E s ) in Eq. (20) takes into account the change in the displacement due to the change in the elastic modulus of the bulk material when the bulk material has an elastic modulus other than
2 for the lateral force, moment, and axial force, respectively (Table II) . The steps needed for derivation of C factors can be found in the electronic supplementary material accompanying the paper [25] . Subsequently, we use the semi-analytical relationships given in Eq. (20) to obtain the elastic modulus of lattice structures with cubic and diamond unit cell types. The diamond unit cell is chosen due to the fact that the pentamode mechanical metamaterials proposed by Milton and Cherkaev [21] are based on the diamond unit cell. Since additive manufacturing of horizontal struts can be quite challenging not only in the powder bed fusion processes [26] , but, as we will see later, also in material extrusion techniques, the cubic unit cell is chosen to highlight the manufacturability aspects.
Cube: For the structures based on the cubic unit cell, the vertical struts go under simple compression. If the total load P is applied to each unit cell, each vertical strut goes under the compressive load, P. The elastic modulus of each unit cell is obtained by E u.c. = Pl u.c. /(A u.c. δ u.c. ), where l u.c. = l is the dimension of the unit cell, A u.c. is the cross-section area of the unit cell, and δ u.c. is the resulting displacement, which is equal to the displacement of the vertical strut δ axial . Therefore, E u.c. = P/(lδ axial ), where δ axial for each strut type is given in Eq. (20) . The semi-analytical formula for elastic modulus of the cubic structure is, therefore, given as
where the constant p 1 − p N is given in Table I for each strut geometry. In the cubic structure, V strut = V mat /3, where V mat is the volume occupied by the material in each unit cell and is equal to V mat = μl 3 , where μ is the relative density of the structure, which is defined as the ratio of the volume occupied by the material inside a unit cell V mat to the total volume occupied by the unit cell. Introducing 034057-6 SEMIANALYTICAL GEOMETRY-PROPERTY. . . (21) and simplifying gives
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with p 1 − p N given either in the third or the sixth row of Table II (that correspond to the axial force constants of, respectively, concave double-cone and convex doublecone geometries). Using Eq. (19), we can also obtain the closed-form analytical relationship for the elastic modulus of cubic structures with double-cone struts. By inserting V strut = μl 3 /3 in Eq. (1) and squaring both sides of the equation, we have
By replacing β = r/l in Eq. (23), we have
Substituting Eq. (24) into Eq. (19) gives the displacement in a truncated single-cone strut with length l/2 as
The displacement equation in a cubic unit cell is δ u.c.
u.c. = l 2 , P u.c. = P, and δ u.c. = 2δ TC (note that each strut in a pentamode-like cubic structure is double cone rather than a single truncated cone), we have
Diamond: If the external force P is applied to a structure based on the diamond unit cell, there is no difference between the loads transferred to the different struts of the unit cell due to the symmetry [ Fig. 2(a) ]. Therefore, we consider only one of the struts of the unit cell, for example AB [ Fig. 2(b) ]. Strut AB carries P AB = P/4. The vertical force P AB can be decomposed into axial force P AB,axial = (P/4) sin θ and lateral force P AB,lateral = (P/4) cos θ components, where θ = 35.26
• [ Fig. 2(c) ]. Due to the symmetry present between vertex A of strut AB and the corresponding strut in the neighboring unit cell, vertex A must not rotate. Similarly, due to the symmetry between struts AB and BC, vertex B of strut AB cannot undergo any rotation. Therefore, strut AB can be considered as a cantilever beam at the end of which a lateral force, an axial force, and a bending moment are applied. In the case of a uniform cross-section area of the struts, the rotation caused by lateral force and the moment should be the same with opposite signs. Equation P AB l 2 /(2EI ) = M A l/(EI ) can then be used to determine the bending moment as M A = (1/2)P AB l cos θ [27] . In the case of struts with nonuniform cross sections, the noted equality does not hold. We, therefore, need to introduce a coefficient γ , where γ should be obtained for each case. Therefore, for the diamond structure with double-cone struts (i.e.,
The total vertical displacement of the free end of strut AB is
where δ AB,P,axial is the axial displacement in the strut due to the axial load P AB,axial , δ AB,P,lateral is the lateral displacement due to the lateral force P AB,lateral , and δ AB,M is the lateral displacement due to the moment M A . Substituting Eq. (20) into Eq. (27) and by considering the coefficients given in Table II , the total displacement is
where the subscript p i of
in each of the three terms can be extracted from the corresponding row of Table II . Replacing P AB,axial = (P/4) sin θ, P AB,lateral = (P/4) cos θ, and M A = γ (P/8)l cosθ in Eq. (28) gives
Since the diamond unit cell has 16 struts, 
with p 1 − p N given in Table II . Since the coefficients p i correspond to the curves obtained for the struts made of stainless steel, the relative elastic modulus of the structure for any given material is obtained as
The coefficient β for the diamond unit cell can be obtained by inserting V strut = μl 
Yield strength of metamaterials
To obtain the yield stress, first the normal and shear stresses in the critical points of the struts generated by axial force, lateral force, and moment are determined. It must be noted that yielding in the struts occurs at the point with the minimum cross-section area A r = π r 2 = πβ 2 l 2 . By replacing β from Eq. (1), we have
Cube: For the cubic structure under compression, each strut goes under load P, and V strut = μl 3 /3. Therefore, the maximum stress in the struts equals the stress at the point with minimum cross-section area. As the cubebased structure consists of concave double-cone struts, the minimum cross-section area is at the middle point of each strut, and therefore, the initial plastic zone appears at x = l/2.
By replacing V strut = μl 3 /3 in σ max = P/A r , we have:
When the stress applied on the lattice structure P/l 2 reaches σ Y , the maximum local stress in the struts
or The maximum normal stress generated by the normal force P also occurs at x = 0 as the beam has the lowest cross-section area at that point.
For the diamond unit cell with convex double-cone struts, the normal force, the lateral force, and the momentum in the strut are (P/4) sin θ, (P/4) cos θ, and γ (P/8)l cos θ , respectively, where γ = 0.7 for μ = 0.1 and γ = 0.56 for α = 2. Therefore, the normal stress generated by the axial force at the root of the struts is given by
The stress generated by the bending stress is
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For a diamond unit cell with double-cone struts,
. Therefore:
The normal stress in the beam is the sum of both normal stresses, that is, σ xx = σ n,B + σ n,A . On the other hand, the maximum shear stress generated by the lateral force is
As noted in Eq. (8), the other stress components in the von-Mises yield stress are neglected. Considering the axial normal stress (σ xx ) and transverse shear stress (τ zx ) components of stress, the von-Misses stress can be obtained as follows:
When the stress applied on the lattice structure P/l 2 u.c.
reaches σ Y (i.e., the lattice structure yields), the maximum local stress in the struts σ V equals σ Y,s . A simple cross multiplication gives
or
with σ n,A , σ n,B , and τ zx given in Eqs. (38) , (40), and (41). The maximum normal stress generated by normal force P also occurs at x = l/2 as the beam has the lowest cross-section area at the middle point. Therefore, the initial appearance of a plastic zone could be expected at x = l/2 for each strut.
For the diamond unit cell with concave double-cone struts, the normal force, lateral force, and momentum in the strut are, respectively, (P/4) sin θ , (P/4) cos θ, and γ (P/8)l cos θ, where γ = 0.84 for μ = 0.1 and γ = 0.7 for α = 2. Therefore, the stress generated by the normal force in the middle of the struts is the same as the stress at the root of the convex double-cone structure [i.e., Eq. (38) ].
Similar to what was seen before, the total normal stress in the beam is given by σ xx = σ n,B + σ n,A .
The maximum shear stress generated by the lateral force is the same as the one presented for the convex doublecone beam geometry [i.e., Eq. (41)]. Therefore, for the case of a concave double-cone, Eq. (44) can also be used as long as Eq. (45) is used for σ n,B instead of Eq. (40) .
Buckling: In order to study the likelihood of the instability of struts (beams) under axial compressive loads applied at the free end of the beams, the Euler's critical load should be determined for each beam. According to this criterion, the critical load is the maximum load that a beam (strut) can bear without experiencing instability. The major load applied on the struts of diamond pentamode structures is bending as also demonstrated by the deformation of the lattice structure during the whole compression procedure.
For the cubic structure, however, the main type of loading is axial compression, which could lead to buckling instability. In the cube-based lattice structures, we have
where P cr is the Euler's critical load, E s is the elastic modulus of the material from which the struts are made, I r is the minimum area moment of inertia of the cross section of the strut, and L e is the effective length of the struts. Since the axial load is applied to the end of the cantilever beam, the effective length equals L e = 2l. Therefore,
.
Consequently,
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where (σ Y /σ Y,S ) for a cube-based structure is given by Eq. (37) . For the polylactic acid (PLA) material, E s is around 40 times higher than σ Y,S . In other words, buckling stress is 7.81 times the yield stress. Hence, yielding occurs before buckling.
B. Computational models
For FE modeling of beams with variable cross sections, 3D structures are modeled using 8-noded brick elements (SOLID185). ANSYS implicit FE solver is used. A linear elastic material model is used for predicting the response of the beams. Macro codes are written in ANSYS to automatically create, discretize, load, and obtain the required properties of beams with four different beam geometries and with different α ratios. An example of the 3D FE model of a single beam is presented in Fig. 3(a) . One of the ends of each beam is fixed in the space, while the other end is displaced downward by applying a point load or moment.
For numerical modeling of the unit cells, 3D structures based on diamond and cube unit cells are created using 8-noded brick elements (SOLID185). Macro codes are written to automatically create, discretize, load, and obtain the required properties of cubic or diamond unit cells with concave and convex double-cone struts. The lower face of the unit cell is fixed in the Y direction, while the top face is displaced downward to cause 0.2% compression. An example of the diamond-based unit cell with struts having the geometry of a convex double cone is presented in Fig. 3(b) .
C. Experiments
Several specimens with diamond-based and cube-based unit cells are additively manufactured. Two (convex double cone and concave double cone) of the four beam types (convex double cone, concave double cone, convex hyperbolic, concave hyperbolic) are chosen for the experimental study. Lattice structures with three different micro-architectures are manufactured, cube-based lattice structures with concave double-cone struts and diamondbased lattice structures with either convex double-cone or 034057-10 concave double-cone struts. The cube-based lattice structures with convex double-cone struts are not manufactured due to reasons explained in the Results and Discussions sections. Among the three cases, specimens based on the diamond unit cell and with convex double-cone struts have the microstructure of a pentamode metamaterial (Fig. 4) [7, 23, 24, 28, 29] . The relative densities of the diamondbased lattice structure (with both concave and convex double-cone struts) and cube-based structure are varied between 0.1 and 0.4 at a constant α (=2) to study the effects of the relative density of the lattice structure on the elastic modulus of the resulting mechanical metamaterial. In another parametric study, the ratio α is varied between 1 and 4 to study the effects of the α value on the elastic modulus of the lattice structures (Fig. 5) . The parametric study on α effect is done at a relative density of 0.1 for diamond-based structures and a relative density of 0.4 for cube-based structures. For each design of the lattice structure, three specimens are manufactured and tested under compression (66 specimens in total). The macrogeometry of all the specimens is a cube with dimensions of 8 × 8 × 8 cm 3 . The samples are manufactured using Ultimaker 2+ 3D printers (Ultimaker, The Netherlands) that work on the basis of fused deposition modeling (FDM). PLA filaments with a pearl white color from the same provider are used. The infill in all the samples is set to 100% and the layer thickness is 200 μm. The static compression tests are performed using an INSTRON Electropulse E10000 machine with a 10-kN load cell. The compression tests are performed in accordance with ISO standard 13314:2011, which refers to the mechanical testing of porous and cellular materials. The displacement rate is fixed at 2 mm/min. The elastic modulus of the specimens is obtained by calculating the slope of the stress-strain curve in the linear part. Nonporous (i.e., fully solid) cylindrical samples are made and tested to obtain the mechanical properties of the bulk filament. The cylinders have diameters of 12.7 mm and lengths of 25.4 mm. The mean elastic modulus obtained for the pearl white filament is 1.404 GPa and the mean yield stress is 35.28 MPa.
III. RESULTS

A. Single beams with variable cross sections
Number of terms
In the analytical solution, the number of terms of δ lateral , δ axial , and θ [in Eq. (9)] is increased from k = 2 to k = 16 to see at what k the results of the analytical model converge. The solution converged for all geometries except the convex double cone for k ∼ = 14 (Fig. 5) . The convex double-cone geometry converged at k = 10. It must be noted that by increasing the number of terms to values larger than k = 14, small pivots are formed in the stiffness matrix of the beams [i.e., in Eq. (17)] due to which the determinant of the stiffness matrix becomes very small, causing fluctuations in the curves [see, for example, the curve corresponding to k = 12 in Fig. 5(a) ]. In each case, the converged curve (with the maximum number of terms before fluctuations are formed in the curve) is used for the semi-analytical study presented in the next sections.
Displacement curves
The lateral displacements resulting from the lateral force (F 0 = 0.1 N), the lateral displacements caused by the point moment (M 0 = 0.002 N m), and the axial displacements imposed by the axial load (P 0 = 1000 N) for different geometries and α ratios are presented in Fig. 6 . For the cases of lateral force and moment loadings [Figs. 6(a) and 6(b)], the numerical and analytical results show a generally good agreement for all α values. The only exception is the concave double-cone geometry under moment loading for which there are larger discrepancies between the analytical and numerical solutions for α ratios larger than 3 [ Fig. 6(b) ]. For the case of axial loading, the numerical and analytical curves are very close for all the geometries [ Fig. 6(c) ]. As expected, the curves corresponding to different geometries coincide at α = 1 (Fig. 6) , that is, when the maximum and minimum radii are the same and all strut shapes reduce to cylinders (r = R).
Increasing the α ratio increases the resulting displacement in all the cases. For example, in the case of lateral force loading [ Fig. 6(a) ], the lateral displacements of both 034057-11 the concave hyperbolic and concave double-cone geometries in α = 3 are, respectively, around 2 and 4 times larger than that of the cylindrical geometry. Similar values are observed for the convex hyperbolic and convex doublecone geometries. In the case of point moment loading [ Fig. 6(b) ], at α = 3, the lateral displacement of all the four geometries is about 3 times larger than of the cylindrical geometry. As for axial loading [ Fig. 6(c) ], all the geometries except for the concave hyperbolic geometry show similar behaviors. At α = 3, for example, the extensions of the convex hyperbolic, concave double-cone, and convex double-cone geometries are about 1.45 times that of a simple cylinder. At α = 3, the axial extension of the concave hyperbolic geometry is about 1.67 times the values found for a simple cylinder.
Normal stress distribution
The normal and shear stresses calculated for the outer fiber of the struts along the strut length for both loading types of lateral force and moment are presented in Figs. 7 and 8, respectively. The analytical and numerical stresses practically overlap, which is why only the analytical results are plotted in Figs. 7 and 8. Under both lateral force and moment loads, the stress value is maximum at the center of beam for all the concave geometries (Fig. 7) . The only exception is the concave hyperbolic geometry under lateral force [ Fig. 7(c)] . Moreover, the normal stress distribution is symmetrical with respect to the center of the beams in all the beam geometries and loading conditions. The only exceptions are the convex geometries under lateral force, which show a maximum normal stress at x = 0 and a minimum normal stress at x = l [Figs. 7(a) and 7(c)].
For beams with α = 6 and under lateral force loading, the concave double-cone geometry shows the maximum normal stress (about 11 MPa) [ Fig. 7(a) ]. Again, for beams with α = 6 under moment loading, the maximum normal stress belongs to both the concave and convex double-cone geometries (8.5 and 7 MPa, respectively) [ Fig. 7(b) ], while 034057-12 the maximum normal stress in the hyperbolic geometry is less than 3 MPa [ Fig. 7(d) ].
Shear stress distribution
The shear stress exhibits a somewhat different behavior (Fig. 8) . The shear stress in the concave double-cone geometry (under both lateral force and moment loads) is found to suddenly change in the middle of the strut from a negative value to a positive value with the same amplitude [ Figs. 8(a) and 8(b) ]. The concave hyperbolic geometry also shows the change of shear stress from a negative value to a positive value, but in a gradual way [Figs. 8(c) and 8(d)]. Under both lateral force and moment loadings, the maximum shear stress in the concave double-cone geometry is about 6 times of that in the concave hyperbolic geometry. Under lateral force loading, the maximum shear stress for the convex beams occurs at the clamped end of the beam [Figs. 8(a) and 8(c)] , while under moment loading, the maximum shear stress for the same type of beams occurs at both the free and clamped ends of the beam (Fig. 8) .
B. Mechanical metamaterials
Deformation: Under compression, all the diamondbased lattice structures show three-stage stress-strain curves. In the first stage, the curve is linear. After the stress level reaches a local maximum, it decreases to about half of the initial maximum value. In the second stage, the strain greatly increases with very small accumulations in the stress value (the stress at this stage is known as the plateau stress). In the final stage, the stress-strain curve also shows a second linear part (known as the densification regime). In all the diamond-based structures, after the stress reaches the initial maximum stress, 45
• failure bands are formed (Fig. 9 ) after which the stress value is decreased to half the value of the initial maximum stress. In the cubebased structures, the structures fail after a row of unit cells are buckled and fractured without showing any 45
• failure band. As a result, the cube-based structures do not show the plateau and densification parts in their stress-strain curves.
Elastic modulus: The effects of the relative density μ and α ratio on the relative elastic modulus of both diamond- (Fig. 10) and cube-based (Fig. 11 ) structures is also investigated. As expected, increasing the relative density, while keeping the α ratio (α = 2) constant, increases the elastic modulus in both the diamond-and cube-based structures (Figs. 10-12) . The numerical and analytical results are close, especially for small values of relative density [Figs. 10(a) and 10(b) and 11(a)]. The γ values that are obtained for Eq. (32) in such a way that analytical curves approach the experimental and numerical ones are presented in the titles of each plot in Fig. 10 . The numerical and analytical results are less than 10% different even at relative densities as large as 30% (Figs. 10 and 11) . As compared to the diamond-based structure, the cubebased structure shows a much higher elastic modulus. For example, at μ = 0.2 and α = 2, the elastic modulus of the structure with cubic unit cell is more than 8 times of that of the structure with the diamond-type unit cell. The effects of α value on the obtained elastic modulus values is more interesting, because the pentamode metamaterials investigated in this study are suggested as substitutes for currently used porous structures in which the strut cross-section areas are uniform. The effects of the α value are investigated at a constant relative density of μ = 0.1 for the diamond-based lattice structure In both the cube-and diamond-based structures, increasing the α value decreases the elastic modulus. As compared to the cube-based structures, increasing the α value has a higher impact on the elastic modulus of the diamondbased structures, especially at small values of α (i.e., more uniform struts). Increasing the α ratio from α = 1 to α = 4 decreases the analytically obtained elastic modulus of the diamond-based and cube-based structures (with convex double-cone struts) for, respectively, 92.24% (about 1/13) [ Fig. 10(c) ] and 44% (about half) [ Fig. 11(b) ].
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Increasing the relative density of the diamond-based and cube-based lattice structures (with convex double-cone struts) from 0.1 to 0.3 increases the analytical relative elastic modulus by 636% [ Fig. 10(a) ] and 300% [ Fig. 11(a) ], respectively.
Yield stress: Since the maximum load applied by the compression test machine is 10 kN, among all the cubebased structures, only two cases of (μ = 0.1 and α = 2) and (μ = 0.4 and α = 4) yield. For the other cases, the experiment is ended before the lattice structures yield. The closed-form analytical and experimental yield stresses for the cube-based and pentamode diamond-based lattice structures are compared to each other in Fig. 12 . Similar trends to that observed for the elastic modulus curves is observed for the yield stress. In other words, increasing the relative density at constant α ratio (α = 2) increases the relative yield strength, and increasing the α ratio at a constant relative density (μ = 0.1 for a diamond-based structure and μ = 0.4 for a cube-based structure) decreases the relative yield strength. For the diamond-based structure, there is a good agreement between the analytical and 034057-14 experimental results. For the cube-based structure with μ = 0.1 and α = 2, the measured experimental relative yield stress is much lower than the value predicted by the analytical relationships. As is also confirmed by experiments, this can be due to the fact that at very low values of the relative density (i.e., μ = 0.1), due to irregularities in the cross-section area, buckling occurs much earlier than what is predicted analytically. In other words, the absolute size of the manufacturing irregularities (i.e., variations in the dimensions of the cross section of the struts) is similar regardless of the relative density. However, in low relative densities, the relative importance of the manufacturing irregularities is much higher than when the relative density, and thus, the dimensions of the cross section are much higher.
IV. DISCUSSIONS
The results show that for constant mass, increasing the α ratio in beams with variable cross sections increases the maximum normal stress (Fig. 7) , maximum shear stress (Fig. 8) , and the lateral displacement at the free end of the cantilever beam (Fig. 6 ). Therefore, a 3D lattice structure with struts having a variable cross section is probably more susceptible to failure under external forces as compared to a lattice structure with uniform cross-section area and similar mass. As a good example of such structures, 3D pentamode metamaterial lattice structures (with struts having convex double-cone geometry) as well as two other pentamode-like lattice structures (diamond-based structures with concave double cones and cube-based lattice structures with concave double cones) are manufactured and tested. The anticipated behavior is observed in the 3D structures as well. There are two main manufacturing limitations that must be considered in such structures. First, although it is possible to additively manufacture diamond-based structures with convex double cones, it is not possible to additively manufacture cube-based structures with convex double cones without use of internal support bridges. This is because in the horizontal struts of the cubebased lattice structures with convex double cone, the part with the maximum diameter is printed first. Since that part is not supported by previously printed layers, that layer falls down. Other manufacturing techniques such as multimaterial additive manufacturing techniques with water-soluble support material or a powder-bed diffusion technique do not have such limitations, since the easily removable support material holds the initially printed large-diameter parts of the horizontal struts. The other problem associated with the FDM technique in manufacturing of pentamode and pentamode-like structures is that when the cross-section area of the struts is very small, the quality of the print severely decreases, and several pores are created in the part with the lower diameter. It has been shown in previous studies [24, 28, 29] that the elastic modulus of very low-density pentamode metamaterials (with convex double cones) are independent from their relative density and the maximum diameter of the struts, and the elastic modulus is only dependent on the diameter of the touching region in the 034057-16 vertices [29] . The pentamode metamaterials manufactured and studied here have relative densities larger than 0.1. Due to the limitations of the FDM technique, mechanical materials with very small relative densities cannot be manufactured. Studying the noted statement using the analytical relationships obtained in this paper is also not possible since our analytical relationships are functions of the small diameter of the struts d = 2r and not the diameter of the struts at the touching region d t = 2r t . Using other additive manufacturing techniques, manufacturing very low-density pentamode metamaterials is feasible. For example, in our other study [7] , several Ti-6Al-4V pentamode metamaterials with different relative densities (between 0.84% and 2.24%), but with the same touching region diameter, were made and tested under compression. The test results demonstrated their very close elastic modulus and yield stress.
The analytical solutions obtained for struts with variable cross sections are used for obtaining the semi-analytical relationships for pentamode and pentamode-like mechanical metamaterials. The relationships obtained for other types of struts [Eq. (20) along with Table II] can also be used for obtaining semi-analytical relationships for the structures having other strut types as well as with other unit cell types, such as cube [30, 31] , rhombic dodecahedron [19, 32] , truncated cube [33] , diamond [27] , tetrakaidecahedrons [15, 34] , rhombicuboctahedron [18] , and truncated cuboctahedron [20] ).
The analytical and numerical results obtained in this study show that among the five proposed strut geometries having the same volume, the highest displacements belong to convex hyperbolic under lateral force and concave hyperbolic under axial force and point moment (Figs. 6  and 8 ). This suggests that the hyperbolic strut types are usually less stiff than double-cone struts. Moreover, in all loading cases, the concave double-cone geometry exhibits some of the lowest values of displacement. Therefore, it seems that structures having concave double-cone struts are the stiffest among the structures with the same unit cell type, but with other strut types. This is partly shown in the diamond-based lattice structures with concave and con- One of the recent important applications of 3D lattice structures is their use as bone-substituting biomaterials. In bone-substituting biomaterials, the stiffness of the implant is of great importance. If the stiffness of the implant is much larger than that of natural bones, it transfers most of the loads applied to the implanted bone and unloads the natural bone (the stress-shielding phenomenon). As a result, after a while, bone resorption occurs, leading to implant loosening. Therefore, it has been suggested to manufacture implants with stiffness distribution similar to the natural bone [35, 36] . Lattice structures with various types of nonuniform cross sections could be used to mimic the spatial distribution of the mechanical properties of the bone tissue, while satisfying other important design requirements [37] such as pore shape [38] , curvature [39] , and permeability [40] . Using the same unit cell type throughout the implant while changing the cross section design has the advantage that connectivity between the various unit cells is straightforward. That is not the case when different types of unit cells have to be used in order to mimic the spatial distribution of the mechanical properties of the bone tissue. 
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V. CONCLUSIONS
In this study, five different types of symmetrical struts, namely simple cylinder, concave double cone, convex double cone, concave hyperbolic, and convex hyperbolic, are considered. We then derive semi-analytical relationships to describe the mechanical response of the beams and lattice structures (diamond-type, cube-type) based on the above-mentioned types of cross sections. Comparison of the analytical, numerical, and experimental results demonstrate the accuracy of the semi-analytical relationships presented for the elastic modulus and yield strength of 034057-18 these biomaterials. In both cube-and diamond-based structures, increasing the α value at constant relative density decreases the elastic modulus and yield strength.
